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Abstract 



The full nonlinear dissipative quasigeostrophic model is shown to 
CJ ■ have a unique temporally almost periodic solution when the wind forc- 

ing is temporally almost periodic under suitable constraints on the 
spatial square-integral of the wind forcing and the P parameter, Ek- 
man number, viscosity and the domain size. The proof involves the 
5r , pullback attractor for the associated nonautonomous dynamical sys- 

tem. 
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1 Introduction 

The barotropic quasigeostrophic (QG) flow model is derived as an approxi- 
mation of the rotating shallow water equations by an asymptotic expansion 
in a small Rossby number. The lowest order approximation, which is also 
the conservation law for the 0th order potential vorticity, gives the barotropic 
QG equation (|]16|], page 234) 

A^t + J{i;, Aij) + Pi;,, = z/A^^ - rA^; + f{x, y, t), (1) 

where ilj{x,y,t) is the stream function, (3 > the meridional gradient of 
the Coriolis parameter, z/ > the viscous dissipation constant, r > the 
Ekman dissipation constant and f{x,y,t) the wind forcing. In addition, A 
= dxx + dyy is the Laplacian operator in the plane and J(/, g) = f^Qy — fyQx 
is the Jacobian operator. 

Equation (|l]) can be rewritten in terms of the relative vorticity uj{x, y, t) 
= Aip^x, y,t) as 

ut + J{tp, uj) + Pipx = vAu - rcj + /(x, y, t) , (2) 

For an arbitrary bounded planar domain D with area \D\ and piecewise 
smooth boundary this equation can be supplemented by homogeneous Dirich- 
let boundary conditions for both ip and u = Aip, namely, the no-normal flow 
and slip boundary conditions (|jl^, page 34) 



ij{x,y,t) = 0, u{x,y,t) = on dD , (3) 

together with an appropriate initial condition, 

^{x,y,0)=uJo{x,y) on D . (4) 

The global well-posedness (i.e. existence and uniqueness of smooth so- 
lutions) of the dissipative model (@)-@ can be obtained similarly as in, 
for example, |]I|, |n|, ^; see also [0. Steady wind forcing has been used in 
numerical simulations [§] and Duan [|10| has shown the existence of time pe- 



riodic quasigeostrophic response of time periodic wind forcing by means of 
a Leray-Schauder topological degree argument and Browder's principle. In 
this paper it is assumed that the wind forcing f{x, y, t) is temporally almost 
periodic and a concept of pullback attraction |^, |15[ will be used to estab- 
lish the existence of a unique temporally almost periodic solution of ©-(I) 
under appropriate constraints on the model parameters. The main result is 



Theorem 1 Assume that 



r TTz/ 1 ^ (\D\ \ 

and that the wind forcing f{x,y,t) is temporally almost periodic with its 
L'^{D)-norm bounded uniformly in time t & M by 



ll/(-, 




r Tiv 



:P 



\D\ 
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Then the dissipative quasigeostrophic model (|^-(0j has a unique temporally 
almost periodic solution that exists for all time t E IR. 

The necessary terminology wiU be presented as required in the text and 
proof that follow. Some mathematical preliminaries are stated below, while 
dissipativity and strong contraction properties of QG flow are established in 
Section 2. Background material on pullback attraction for nonautonomous 
systems is presented in Section 3 and that for almost periodicity in Section 
4, where it is applied to the QG model under consideration to complete the 
proof of Theorem |l[ 

Standard abbreviations L^ = L'^{D), Hq = Hq{D), k = 1,2,..., are used 
for the common Sobolev spaces in fluid mechanics |]19[, with < -, ■ > and 
II ■ II denoting the usual scalar product and norm, respectively, in L^. We 
need the following properties and estimates (see also |jTl|) of the Jacobian 
operator J : H^ x H^ -^ L^. 
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J{f,g)hdxdy 
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J{f, h)g dxdy, 



/ J{f,g)gdxdy = 0, 
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(5) 



(6) 
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J{f, g) dxdy 



for all f,g,hE Hq, and 

J{Af,g)Ahdxdy 
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< liv/||||v^| 
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< J^||A/|| IIA^II IIA/.II 
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for all f,g,h& Hq, as well as the Poincare inequality [|T3| 

\\g\\^= f g\x,y)dxdy<^-^ f \V g\^ dxdy = ^-^\\V gf (9) 

Jd n Jd tt 

for g G Hq, and Young's inequality |]T3| 

AB < -A^ + -B\ (10) 

where A, B are non-negative real numbers and e > 0. 



2 Dynamics of dissipative QG flow 

We first show that the equation (H) with boundary conditions (^ is a dissi- 
pative system in the sense (0, |l9l, see also |10|) that all solutions uj{x,y,t) 
approach a bounded set in the phase space L^ as time goes to infinity pro- 
vided that the L^ norm of the forcing term is uniformly bounded in time 
and that the system parameters satisfy the inequality of Theorem 0. Then 
we show that the system is strongly contracting under the restriction on the 
magnitude of the L^ norm of the forcing term assumed in Theorem |I|. 

2.1 Dissipativity property 

Define the solution operator St^to : L"^ ^ L"^ by Stfy^ujQ := uj{t) for t > t^, 
where a;(t) is the solution of the QG equations in L^ starting at uq G L^ at 
time to- Since the the dissipative QG equations (0)-(0) are strictly parabolic, 
the solution operators St^to exist and are compact for all t > to; see, for ex- 
ample, [0. In fact, the St^ are compact in Hq for all k > and so, in 
particular, St^toB is a compact subset of L^ for each t > to and every closed 
and bounded subset B oi L^. 



Multiplying (^) by u and integrating over D, we obtain 

1 d 
2dt 



1 d „ 2 



--rllCi^ir = — i^llVculp — r||t(;||^ + / f(x,y,t)ujdxdy (11) 

Jd 



J (^ , uj)uj dxdy — P ipxUjdxdy. 

D JD 



Now Jj^ J{'ip, uj)uj dxdy = by (^) and from the Young and Poincare inequal- 
ities we have 



(3 / ip^ujdxdy 

D 



— o^ ( / ^^ dxdy + uj^ dxdy 

/ uj^ dxdy + uj'^ dxdy j 



/ \ TT JD 



that is 



P / ipx^ dxdy 

D 



.i.^.i),H 



and by the Poincare inequahty again we also have 



iy\\Vuj\r < 






\L0\ 



(12) 



(13) 



Now assume that the square- integral of the wind forcing f{x,y,t) with re- 
spect to (x, y) E D is uniformly bounded in time, i.e. 



\\fi;;t)\\<M 



(14) 



for some positive constant M. (This is mild assumption because a temporally 
almost periodic function is bounded in time, see P] and later). Then 
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Putting (0)-(|T|) into (0) we obtain 



where 



1 d „ „2 n ,,2 M^ 

-—-\\uj\\ + a\\uj\\ < , 

2dt - 2r ' 
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Then a > if we assume that 



- + i — ;> -l3\- — ^ + 1 
2 D 2"^ \ 71 



(15) 



(16) 



(17) 



which is in fact the first constraint of Theorem |1]. Thus, by the Gronwall 
inequahty, we have 

Ikir < ll^ofe-^"* + ^ (l - e-2"*) . (18) 

Hence all solutions uj enter the closed and bounded set 

^ f „ „ ^^ 1 

B = {uj : \\uj\\ < , } 

in finite time and stay there. The set B is thus an absorbing set of the system 
and is positively invariant in the sense that S^t^B C B for all t > to and to 
e R. 

For later purposes note that the solution operator St^to satisfies Stg^to = 
id. and St2,ti ° St^^ = St2,to for any to < ^i < h, that is {St,to ■ t > to,to G 
M} is a nonautonomous process or cocycle mapping. In addition, it follows 
from existence and uniqueness theory that (t,to,co'o) — > St^to^o is continuous. 
Hence, in particular, when the forcing / is independent of time there exists 
a global autonomous attractor defined by 

A = n -^^.o^, 

which is a nonempty compact subset of L^, and is invariant under the au- 
tonomous semigroup {Stfi : t > 0} in the sense that StfiAo = Aq for all t > 
0. 

2.2 Strong contraction property 

Now consider two trajectories u;^*^ corresponding to initial values ujq E B, i 
= 1 and 2. Note that these trajectories remain inside B. Their difference 600 
= uj^^' — uj^'^' satisfies the equation 

Similarly to the proof above it can be shown from this equation that 
- — ||(5cjf + /" 5JS cudxdy + p f dijj^diudxdy = -u\\V5Luf -r\\6ujf (19) 
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where 



Now from the properties (|^)-(@) of the Jacobian J we have 
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ij^'\J'^) J^^ dxdy + J J (V'^'\ ^('^) ^('^ dxdy 
ij^'\J'^) J^^ dxdy -J J {iP^'\J'^) J'^ dxdy 

6ip,uj^^^) 6uj dxdy 



Lu^'^' , 5ip) 5uj dxdy 



Aijj^^\ 5'ip) A5^ dxdy 
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where in the last two steps, we have used (|) with / = i^^-^^g = h = Sip, 
and the fact ASip = SAip = Scu. Using this and noting that cu^^^ is in the 
positively invariant absorbing set B so ||ct;''"^''|| < M/-\/2ra, we have 
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Then from equation ([19|), using 



V lira 
and f|l2|), we obtain 



1 d 
2dt 
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< 



-ullVSuW — r\\6uj\\ — / 5J5ujdxdy 



—(3 / SijJxSuj dxdy 
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< -u\\V6ujf-r\\6ujf 



D 



D 



6J6u! dxdy 



(3 I 5il)x5uj dxdy 

D 



-KV 



\D\ 



\5uj\ 



r\\5uj\r + 



\D\ 



lira 



M\\5uj\ 



^n \D\ ' 



\5uj\ 



(20) 



where 
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Note that 7 > a 



M. Thus, 7 > if we assume that 



ll/(-,-,t)ll<M< &at, 



(21) 



for all t ^ IR. Here a is defined in (^6|), so (0) holds because of the assump- 
tion on the L^ norm of / in Theorem |I|. This gives 

\\6uj{t)f < \\uJo\\e~^"'* ^ asi^oo, 

for solutions starting within the positively invariant absorbing set B. This is 
the desired strong contractive condition. This means there is a unique solu- 
tion uj*{t) in B to which all other solutions converge. This solution a;*(t) can 
be determined by the pullback convergence to be discussed in the following 
two Sections. 



3 Nonautonomous dynamical systems 

In order to show existence of temporally almost periodic solutions, we need 
some results from the theory of nonautonomous dynamical systems. Consider 
first an autonomous dynamical system on a metric space P described by a 
group 9 = {9t}teM of mappings of P into itself. 

Let X be a complete metric space and consider a continuous mapping 

$:iR+xPxX^X 

satisfying the properties 

$(0, p,-) = idx, $(r + t, p, x) = <^{t, Otp, $(t, p, x)) 

for all t, T E M'^, p E P and x G X. The mapping $ is called a cocycle on 
X with respect to 6 on P. 

The appropriate concept of an attractor for a nonautonomous cocyle sys- 
tems is the pullback attractor. In contrast to autonomous attractors it con- 
sists of a family subsets of the original state space X that are indexed by the 
cocycle parameter set. 

Definition 1 A family A = {Ap}p(zp of nonempty compact sets of X is called 
a pullback attractor of the cocycle ^ on X with respect to 9t on P if it is 
(^-invariant, i.e. 

^{t,p,Ap) = Ae.p for all telR^,peP, 

and pullback attracting, i.e. 

lim H*j^ ($(t, e_tP, D), Ap) = for all D G K{X), p E P, 

t — *-oo 

where K{X) is the space of all nonempty compact subsets of the metric space 
iX,dx)- 

Here Hx is the Hausdorff semi-metric between nonempty compact subsets 
of X, i.e. Hx{A,B) := maXagAdist(a, S) = maXaeA^^beB dx{A,b) for A, 
B G K{X). 

The following theorem combines several known results. See Crauel and 
Flandoli 0, Flandoli and SchmalfuB |jT2|, and Cheban [|| as well as 0, |15 
for this and various related proofs. 
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Theorem 2 Let ^ be a continuous cocycle on a metric space X with respect 
to a group 9 of continuous mappings on a metric space P. In addition, 
suppose that there is a nonempty compact subset B of X and that for every 
D G K{X) there exists a T{D) G M^ , which is independent of p G P, such 
that 

^{t,p,D)cB for all t>T{D). (22) 

Then there exists a unique pullback attractor A = {Ap}pizp of the cocycle $ 
on X , where 

A,= n U ^it.O-tP.B). (23) 

TgiR+ *>^^ 

Moreover, the mapping p h^ Ap is upper semicontinuous. 

Moreover, in |^ it is shown that the puUback attractor consists of a single 
trajectory when the cocycle dynamics are in fact strongly contracting. 

Theorem 3 Suppose that the cocycle $ in Theorem^ is strongly contracting 
inside the absorbing set B . Then the pullback attractor consists of singleton 
valued sets, i.e. Ap = {a*{p)}, and the mapping p \—>- a*{p) is continuous. 



4 Almost periodicity 

A function (f : M ^ X, where {X, dx) is a metric space, is called almost 
periodic [§ if for every £ > there exists a relatively dense subset M^ of IR 
such that 

rfx(<^(t + r),^(t)) <e 

for all t G iR and r G Mg. A subset M (1 Mis called relatively dense in M if 
there exists a positive number I G M such that for every a E M the interval 
[a,a + l]r\IR of length / contains an element of M, i.e. Mf][a,a + I] ^ for 
every a G iR. 

The QG solution operators St^to form a cocycle mapping on X = L^ with 
parameter set P = M, where p = to, the initial time, and Otto = to + 1, the 
left shift by time t. However, the space P = iR is not compact here. Though 
more complicated, it is more useful to consider P to be the closure of the 
subset {9tf, t G iR}, i.e. the hull of /, in the metric space Lf^^ (iR, L'^{D)) of 
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locally L^(iR)-functions f : M -^ L^{D) with the metric 



°° f / rN 



N 

\\f{t)-g{tWdt 



with 9t defined to be the left shift operator, i.e. Otf{-) := /(■ + t). By a clas- 



sical result 10, |T8[, a function / in the above metric space is almost periodic 
if and only if the the hull of / is compact and minimal. Here minimal means 
nonempty, closed and invariant with respect to the autonomous dynamical 
system generated by the shift operators 9t such that with no proper subset 
has these properties. The cocycle mapping is defined to be the QG solution 
uj(t) starting at uq at time to = for a given forcing mapping f E P, i.e. 

$(t, /,u;o) := 5'/o ujQ, 



where we have included a superscript / on S to denote the dependence on 
the forcing term /. (This dependence is in fact continuous). The cocycle 
property here follows from the fact that Sl-t^coo = S^!l\^^Q ooq for all t > to, to 
e R, uJo e L^ and f e P. 



Theorem 4 Let the assumptions of Theorem [^ hold. Then the dissipative 
QG model ^-^) has a unique almost periodic solution u* defined by 

uj*it) := a* (Otf) , telR, 

where {a*{p)} is the singleton valued pullback attractor-trajectory of the co- 
cycle $(t, /, cuo) on L2{D), P is the hull in the metric space Lf^^{IR,L^{D)) 
of the almost periodic forcing term f and the 6t are the left shift operators 
on P. 

This is proved as follows. By Theorems |^ and ^ the pullback attractor exists, 
consists of singleton valued components {a*(p)} and the mapping p \-^ a*{p) 
is continuous on P. In fact, the mapping p ^^ a*{p) is uniformly continuous 
on P because P is compact subset of Lfg^{IR,L'^{D)) due to the assumed 
almost periodicity. That is, for every e > there exists a 5{e) > such that 
||a*(p) — a*(g)|| < e whenever dp{p,q) < 6. Now let the point p (= /, the 
given temporal forcing function) be almost periodic and for 6 = 6{e) > 



11 



denote by M^ the relatively dense subset of IR such that dp{9t+TP,0tp) < S 
for all r G Ms and t & M. From this and the uniform continuity we have 

\\a*{9t+rp)-a*{9tp)\\ <e 

for all t G iR and r G Ms^e)- Hence t ^— > uj*(t) := a*{9tp) is almost periodic. 
It is unique as the single-trajectory pullback attractor is the only trajectory 
that exists and is bounded for the entire time line. 

This completes the proof of the main result, Theorem [^. 
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